The perturbation sensitivity and its influence on the limit loads of shells are widely discussed phenomena. Both phenomena may be classified with respect to the type of perturbation. As perturbations influence the stability of shells, the identification of unfavourable perturbations is essential. The perturbation energy concept enables to identify unfavourable non-initial perturbation loads and to evaluate the perturbation sensitivity of fundamental states by the perturbation energy. This measure is also the basis for a load-level-specific modification of the perturbation sensitivity. Hence, the present paper discusses the perturbation sensitivity of unstiffened composite laminated cylindrical shells consisting of unidirectional layers by means of the perturbation energy concept.
1
Perturbation Energy Concept Basic idea of the perturbation energy concept which is firstly introduced in Ref. 1 is the identification of a critical state belonging to a fundamental state F . The difference in strain energy between both states is an indicator for the stability of the fundamental state and referred to as the perturbation energy Π cr . Since several critical states may exist, the identification of the critical state related to the stability of the fundamental state is interpreted as an optimisation problem, f (z F , ∆z) = Π cr → min.
(1.1) )
In this problem, the fundamental state is represented by the state variables z F . The direction and the distance between the fundamental and the critical state are denoted by the change ∆z of the state variables. The kind of the critical state depends on the type of perturbation. For a kinetic perturbation, the state N characterised by vanishing first variation of the incremental elastic potential and an unchanged fundamental load p is the critical state, see Fig. 1 . In case of a static perturbation, the state M of vanishing second variation of the potential is the critical state. These conditions constrain the optimisation problem (1.1) whose solution may be found by nonlinear eigenvalue problems. Thereby, the order of nonlinearity with respect to the eigenvalue and eigenvector, respectively, is governed by the formulation of the potential. The eigenpair corresponding to the smallest positive eigenvalue characterises the critical state. In general, non-initial perturbation loads P p are necessary to reach a critical state. The term non-initial should accentuate the difference between these perturbations and perturbations acting already for a fundamental load equal to zero. Non-initial perturbations concerning other parameters of the model equations, such as the wall thickness, influence the topology of the energy surface, lead to modified eigenvalue problems and emphasise the similarity between the perturbation energy concept and the perturbation theory. The effect of initial perturbations may be measured by the associated change of the load level of the first singular point in the primary load-deformation path, the change of the fundamental energy Π F and the change of the perturbation energy. For an adequate comparison of the perturbation sensitivity and for identifying static limit loads of different buckling cases by a single energy value, the perturbation energy is to normalise. In case of isotropic material behaviour, the perturbation energy is normalised by the bending stiffness of the shell continuum as bending energy is the dominating part of the perturbation energy. For composite materials consisting of uniform unidirectional layers, an adequate normalisation is given by
where the reference parameter B * f vw comprises elements of the bending stiffness matrix C B and the Possion's ratio ν LT , compare Ref. 4 . The reference value of the normalised perturbation energy, π cr, M = 2.7 %, represents a proper indicator for realistic static limit loads of perturbation-sensitive shells with isotropic material behaviour, see Refs. 5 and 8. For shells consisting of composite material, the adequacy of the reference value of the normalised perturbation energy for the assessment of realistic limit loads is still to verify exemplary with the results presented in Ref. 7 . Kinetic limit loads are to be identified with respect to a fundamental state and by the degree of stability introduced in Refs. 2 and 3. The degree of stability represents a normalised balance between the perturbation energy Π cr, N and the energy induced into a system by a perturbation load. For the computation of the latter energy, the equation of motion is to be integrated only for the duration of the perturbation. This might be of advantage if the stability of several fundamental states is to be evaluated.
The numerical implementation of the perturbation energy concept is based on the incremental elastic potential and the finite element method. The geometrical nonlinearities are considered as 'moderate rotations', an approximation adequate for analysing shell buckling phenomena. In a mixed formulation using displacements and stress resultants, the constitutive equations are modified to describe the behaviour of laminates according to the classical laminate theory. Moreover, the plastification of the shell continuum may be considered by the model explained in Ref. 5 . The nonlinear eigenvalue problems enabling the identification of critical states are solved in the mixed formulation by the inverse iteration. For a displacement formulation, an efficient solution procedure is still under examination. The integration of the equation of motion necessary for the computation of the degree of stability is accomplished by the Newmark method.
2
Perturbation Sensitivity of Shells The perturbation sensitivity of composite laminated shells depends not only on the load level, the geometry and the boundary conditions but also on the number n l and the orientation α of the layers. In the following, the sensitivity to noninitial static perturbation loads is evaluated for cylindrical shells subjected to uniform axial load p and with a slenderness r/t = 100, whereas the considered laminates are given in Table 1 and mostly consist of four unidirectional layers. Unless otherwise noted, the thickness t l of a layer is set to 0.125 mm. Firstly, the adequacy of the normalisation (1.2) is evaluated for shells consisting of laminate K2 for which the angle between two layer orientations is equal to 0°and 90°, respectivly. Fig. 2 left shows the evolution of the perturbation energy for three different wall thicknesses t and for several load levels normalised by the buckling load p cl, f ws which results from a linear buckling analysis. Thereby, the significant influence of the wall thickness on the perturbation sensitivity becomes obvious. In Fig. 2 right, the evolution of the normalised perturbation energy is plotted. The evolution is independent of the wall thickness as the slenderness of the shell remains unchanged. This approves the adequacy of the normalisation (1.2) especially for the evaluation of the influence of the number and the orientation of the layers on the perturbation sensitivity. The former influence is illustrated for the symmetric laminate K7 in Fig. 3 left. An increasing number of layers causes an assimilation between the bending stiffness in circumferential and meridional direction and therefore an increase of the buckling load and a reduction of the perturbation sensitivity. In this respect, the application of quasi-isotropic laminates seems to be desirable at least for the investigated buckling case. The layer orientation is also of importance for the load-carrying capacity of composite laminated shells, compare Fig. 3 right. This is not only reflected in the buckling load but also in the differences between the plotted evolutions of the normalised perturbation energy. The differences concern the value of the normalised perturbation energy at different load levels and the inclination of the curves describing the evolution of the perturbation sensitivity. The deformations due to the perturbation load which represent the direction as well as the distance between a fundamental state and the relevant critical state are also affected by the orientation of the layers. As depicted in Fig. 4 for some laminates, the position and the extension of the deformations vary in meridional direction with the orientation of the layers. The amplitude of the deformations due to the perturbation load changes with the load level but is for load levels near the first singular point in the primary load-deformation path in the range of the wall thickness. For most of the investigated shells, the deformations are to some extent similar to those of cylindrical shells with isotropic material behaviour and different loading. Furthermore, the deformations are characterised by a locally limited buckle. The perturbation load which is necessary to reach a critical state is not intuitively chosen but computable by the change ∆z of the state variables, see Ref. 6 . In the mixed formulation, this non-initial load comprises forces and strains. As the perturbation energy, the intensity of the perturbation load depends on the load level. Moreover, the deformations due to the perturbation load constitute an unfavourable initial perturbation at least with respect to position and spatial distribution.
3
Modification of the Perturbation Sensitivity After evaluating the perturbation sensitivity and identifying the limit loads of shells, it might be worthwhile to modify the perturbation sensitivity of a shell by a defined amount. This modification of the perturbation sensitivity with respect to a certain load level and the design parameter x may be described by the objective function
where Π cr req represents the required perturbation sensitivity. The computation of the solution of this load-level-specific modification is based on the linearization of the objective function which is performed by the forward difference scheme. In general, the solution is determined after few iterations. During the modification, the energy surface and so the fundamental state as well as the direction and the distance between the fundamental and the critical state are changing.
Furthermore, the modification influences the fundamental energy and the load level of singular points in the primary load-deformation path. The advantage of the proposed modification procedure over a systematic change of the design parameter becomes obvious especially for high-dimensional systems and several design parameters.
The load-level-specific modification is performed for an arch structure. The geometry of this cylindrical structure is given by r = 25,400 mm, t = 50.8 mm and ϕ = 20
• . The material parameters E = 10,350 N/mm 2 and ν = 0 describe the isotropic material behaviour of the structure. The continuous lines in Fig. 5 show the load-deformation behaviour of the structure by the radial displacement u 3 of the load application point and the evolution of the fundamental and the perturbation energy. The objective of the modification is to halve the sensitivity to non-initial kinetic perturbations of the fundamental state at load level P = 250 N, whereas the wall thickness t represents the design parameter. After few iterations, the required doubling of the perturbation energy is achieved by an increase of the wall thickness by about 2.34 %. Remarkably, this small increase of the wall thickness causes the required significant change of the perturbation energy but does not considerably influence the inclination of the curve describing the evolution of the perturbation energy. Furthermore, slight changes of the load-deformation behaviour and of the evolution of the fundamental energy are to be observed. A future application of the load-level-specific modification may incorporate the orientation of the layers as design parameter.
Summary
The paper highlights the importance of the perturbation energy concept not only for the evaluation of the perturbation sensitivity and the buckling resistance, respectively, but also for the determination of unfavourable initial geometric perturbations and unfavourable non-initial perturbation loads. For composite laminated cylindrical shells, the influence of the number and the orientation of layers on the perturbation sensitivity is discussed briefly. Finally, the load-level-specific modification of the perturbation sensitivity of shells or other highly perturbation-sensitive systems is introduced.
